The interaction of focused wave groups with a vertical wall is investigated based on the second order potential theory. The NewWave theory, which represents the most probable surface elevation under a large crest, is adopted. The analytical solutions of the surface elevation, velocity potential and wave force exerted on the vertical wall are derived, up to the second order. Then, a parametric study is made on the interaction between nonlinear focused wave groups and a vertical wall by considering the effects of angles of incidence, wave steepness, focal positions, water depth, frequency bandwidth and the peak lifting factor. Results show that the wave force on the vertical wall for obliquely-incident wave groups is larger than that for normally-incident waves. The normalized peak crest of wave forces reduces with the increase of wave steepness. With the increase of the distance of focal positions from the vertical wall, the peak crest of surface elevation, although fluctuates, decreases gradually. Both the normalized peak crest and adjacent crest and trough of wave forces become larger for shallower water depth. For focused wave groups reflected by a vertical wall, the frequency bandwidth has little effects on the peak crest of wave elevation or forces, but the adjacent crest and trough become smaller for larger frequency bandwidth. There is no significant change of the peak crest and adjacent trough of surface elevation and wave forces for variation of the peak lifting factor. However, the adjacent crest increases with the increase of the peak lifting factor.
Introduction
The interaction of sea waves with a vertical wall is a classic problem in coastal engineering. With the assumption of full reflection, such an interaction leads to the formation of standing waves. Traditionally, the random sea environment is usually simplified as a deterministic, monochromatic and periodic regular waves with the height and period assumed to correspond to the extreme sea conditions. As a result, early studies on the interaction of waves with a vertical wall (or equivalently standing waves) focused on periodic regular waves. Rayleigh (1915) gave a third order solution of two dimensional standing waves in infinite water depth, which was further extended to the fifth order by Penney and Price (1952) . Standing waves in finite water depth was investigated by Tadjbakhsh and Keller (1960) , up to the third order, and extended to the fourth order by Goda (1967) . Accompanied by numerical approaches, some experimental work was also carried out by researchers to either validate the numerical methods or provide a deeper understanding of both kinematic and dynamic properties of standing waves (Taylor, 1953; Fultz, 1962; Edge and Walters, 1964) .
However, the regular wave representation of a random sea state is unrealistic, especially for extreme events emerging in the random process. In a stationary Gaussian random wave field, the statistically averaged wave profile under a crest is represented by NewWave theory (Tromans et al., 1991) or equivalently by Quasi-Determinism (QD) theory (Boccotti, 1997a) . The concept is to generate an extreme wave at a specified position and time through the superposition of relatively small amplitude waves of different frequencies (i.e. focused wave groups). These wave theories include much of the spectral properties of the sea state and in the meanwhile they are time saving compared with traditional time domain simulation of random irregular waves. By using the second order Stokes expansion given by Sharma and Dean (1981) and Dalzell (1999) , the NewWave theory or QD theory was extended to the second order for focused wave groups in undisturbed wave field (Walker et al., 2004; Arena, 2005; Fedele and Arena, 2005; Arena et al., 2008) . Experimental research was also conducted by researchers to investigate the kinematics and energy transfer during the evolution of focused wave groups (Baldock and Swan, 1996; Sriram et al., 2015) .
With the development of these wave theories, the interaction of focused wave groups with a vertical wall was further investigated by researchers. Boccotti (1997b) applied the QD theory to derive the first order analytic solution for the case of both long-crested and short-crested waves in front of a wall. The results was validated by a small-scale field experiment (Boccotti et al., 1993) . Prabhakar and Sundar (2001) investigated the pressure exerted by standing waves on a vertical wall. Romolo and Arena (2008) gave an analytical solution for the second order free surface displacement and velocity potential when a high crest of long-crested (two-dimensional) waves occurs at some fixed point on or close to a vertical wall. With the analytical solution, the space and time evolution and the effects of finite water depth on the evolution were discussed in detail. This work was extended by Romolo and Arena (2013) and Romolo et al. (2014) to short-crested (three dimensional) wave groups in front a vertical wall. The second order analytical solutions mentioned above (for both two and three dimensional wave groups, Romolo and Arena, 2008; Romolo and Arena, 2013; Romolo et al., 2014) actually gave the averaged wave profile under a large crest of the underlying standing wave field (First a standing wave field is formed and then the QD theory is used to obtain the averaged wave profile under a large crest in the standing wave field). The problem (the interaction of focused wave groups with a vertical wall) may also be investigated from a different point of view. First, an undisturbed focused wave group focuses at a given position at a given time (i.e. a large crest occurs at this undisturbed wave field). Then the focused wave groups meet a vertical wall and are fully reflected.
In the present paper, the interaction of nonlinear focused wave groups with a vertical wall is investigated based on the second order potential theory. NewWave theory, correct to second order, is adopted in this study. Analytical solutions of both surface elevation and velocity potential, as well as wave forces exerted on the vertical wall are derived. Then a parametric study is made on the surface elevation and wave forces by considering the effects of angle of incidence, wave steepness, focal position, water depth, frequency bandwidth and peak lifting factor.
Governing equations
A sketch of the fluid domain where waves interact with a vertical wall is shown in Fig. 1 . The water depth for the fluid domain is denoted as h. An x, y, z Cartesian coordinate system (satisfying the right hand rule) is applied to define the locations, with the origin located on the undisturbed equilibrium surface. The z coordinate is vertical and positive upwards. In the horizontal xÀy plane, the x axis is pointed normally toward the vertical wall and the y coordinate is parallel to the vertical wall. The fluid is assumed to be inviscid and incompressible. The fluid motion is assumed to be irrotational. Based on the assumption, the velocity field, u ! ; can be defined by a potential function, f, i.e. u ! ¼ Vf, which satisfies
in the fluid domain. And at the bottom of the fluid domain, the velocity potential satisfies the condition as follows,
The dynamic boundary condition on the free surface is:
with the assumption of zero atmospheric pressure on the free surface. And the kinematic boundary condition on the free surface is given as follows,
It can be found from Eq. (3) and Eq. (4) that the unknown velocity potential is defined on the unknown free surface. In order to solve the problem, the technique of Taylor series expansion (Newman, 1977 ) is used to expand both the kinematic and dynamic boundary conditions on the equilibrium free surface z ¼ 0, up to pre-determined order. As a result, the approximate dynamic and kinematic free surface boundary conditions to be satisfied, correct to second order, are given as follows,
Also the velocity potential needs to satisfy the boundary condition at the vertical wall, i.e.
Eqs. (1), (2) and (5)e (7) are the governing equations for nonlinear waves interacting with a vertical wall, correct to second order.
Derivation of relevant expressions
First, we consider about second order waveewave interaction without the vertical wall in the fluid domain. According to Sharma and Dean (1981) or Dalzell (1999) , the solution to second order interactions between two linear waves is given as follows, 
where, m i ði ¼ 1; 2Þ is the direction of propagation in the horizontal xÀy plane for the ith wave component. m i is measured positive in the counterclockwise direction looking down, which is in accordance with the right-hand rule. Subsequently, we consider that the wave groups consisting of two incident linear waves interacts with a vertical wall. For the case that the wave groups consisting of two regular waves are fully reflected, the vertical wall behaves like a mirror. Therefore, the total wave field after the interaction of wave groups with a vertical wall is equivalent to that of wave groups composed of two incident regular waves and two mirrored regular waves, as shown in Fig. 2 . This means that for the reflection problem, there are four regular wave components that interact with one another. And the incident and mirrored wave components satisfy the following equation,
where, B corresponding values of frequency, wave number and angle of incidence into Eqs. (12) and (13).
If we denote 3 and 4 as the mirrored wave component corresponding to the first and second incident wave component, respectively, i.e. u 3 ¼ u
, then we can re-express Eq. (18) as follows,
Similarly, we get the velocity potential, f T , of total wave field as follows,
Next step, we extend the total wave field composed of two incident regular wave components and two mirrored wave components, to the ones consisting of N incident regular wave components and N corresponding mirrored wave components. First, the symbol i (i ¼ 1, 2,…, N ) represents the ith incident wave component and the symbol N þ i indicates the ith mirrored wave component corresponding to the ith incident wave component. Then we get the surface wave elevation and velocity potential of the total wave field as follows,
where,
and
Specifically, we consider focused wave groups based on NewWave theory (Tromans et al., 1991) with focal position x ! 0 and focal time t 0 . The amplitude of each wave component is
where S( f ) is the spectral density for a given frequency f, Df is the frequency step calculated as Df ¼ ( f u ef l )/(NÀ1) with f u and f l being, respectively, the upper and lower limit of a given frequency bandwidth. A is the linear amplitude of peak crest of focused wave groups. In our simulation, the Joint North Sea Wave Project (JONSWAP) spectrum (Hasselmann et al., 1973 ) is adopted, the spectral density of which is described as follows,
where H s is the significant wave height, T p is the peak period of the JONWAP spectrum and c is the peak lifting factor. The power density at the peak frequency is larger for larger value of the peak lifting factor (see Fig. 17 ). s is the peak shape parameter, the value of which is defined as,
where f p ¼ 1/T p is the peak frequency. a is a coefficient that is related to the peak lifting factor c as follows,
And by setting the value of random phase
, the phase function shown in Eq. (24) is obtained as follows,
Combining Eqs. (21)e (29), we get the surface elevation and velocity potential of NewWave type focused wave groups interacting with a semi-infinite vertical wall.
After obtaining the expressions of velocity potential and surface elevation of nonlinear focused wave groups after reflection of a vertical wall, the pressure along the vertical wall can be calculated. Then the force, F, exerted by focused wave groups on the vertical wall, per unit of distance in the y direction, is obtained by integrating the pressure along the vertical wall. The pressure equation (also called Bernoulli equation) is given as follows, 
And the wave force is given as
If we denote (1) and (2) as the first and second order term in terms of a small perturbation parameter (such as the wave steepness), then the surface elevation and velocity potential of the total wave field as shown in Eq. (21) and (22) can be reexpressed as
Similarly, the pressure can be expanded, correct to second order, as
with P ð0Þ ¼ Àrgz ð35Þ Fig. 9 . The nonlinear focused wave group profile and its second order component in time domain at the vertical wall (black line-the nonlinear wave elevation; red line-the second order sub-harmonics and blue line-the second order super-harmonics). A vertical wall is located at x ¼ 0 and the nonlinear wave group focuses at t ¼ 0 and x ¼ x 0 . The time is normalized by peak period T p and the wave elevation is normalized by twice of the peak wave crest, 2A. 
# ð37Þ
Then the wave force along the vertical wall can also be divided into the hydrostatic term, the first and second order term, i.e.
The calculation of the wave force is shown in Appendix A.
Results and discussion
In this section, a detailed investigation is made on the interaction between focused wave groups and a vertical wall with effects of different parameters considered. Particular attention will be put to the surface elevation along the vertical wall and the impact force on the vertical wall. The former one may provide a preliminary insight into wave run up and overtopping events, and the latter one is of great significance in structural design of the seawall. Fig. 10 . The characteristics of the crest amplitude for different focal positions, x 0 . Crest 0 , Crest e1 and Crest þ1 represent, respectively, the maximum crest and the crest ahead of and after the maximum crest. Fig. 11 . Transformation of the three largest wave crests. Fig. 12 . Effects of water depth on the surface elevation of nonlinear focused wave groups interacting with a vertical wall, (a) the peak crest; (b) the adjacent crest and trough. A pc , A ac and A at represent, respectively, the peak crest, adjacent crest and adjacent trough of the surface elevation. Fig. 13 . Effects of water depth on wave force time series. F pc , F ac and F at represent, respectively, the peak crest, adjacent crest and adjacent trough of wave force time series.
The effects of the angle of incidence
For normally incident focused wave groups, the focused plane (or the peak crest line) is parallel to the vertical wall. However, for obliquely-incident focused wave groups, there is an inclination angle between the focused plane and the vertical wall. The definition of focused positions is shown in Fig. 3 . The focused position is related to the point on the vertical wall as follows,
Then we will investigate the effects of the angle of incidence of focused wave groups on the surface elevation, as well as wave forces on the vertical wall. Parameters of focused wave groups are summarized in Table 1 . For normally-incident focused wave groups (m ¼ 0), the focused position is set at the vertical wall. And for obliquely-incident focused wave groups, without loss of generality, the intersection between the vertical wall and the focused plane is on the plane y ¼ 0.
The effects of angles of incidence of focused wave groups on surface elevation are given in Fig. 4 . It is clear that the linear theory (the first order term) underestimates the crest and overestimates the trough. At y ¼ 0, although the linear maximum crest stays unchanged for different angles of incidence, the nonlinear maximum crest decreases slightly with the increase of the angle of incidence. However, there is a slight rise for the angle changing from p/4 to p/3. This trend + MODEL (in accordance with the maximum crest of second order terms) is caused by the second order nonlinear effects of waveewave and wave structure interaction. The nonlinear maximum crest at y ¼ ±l P is smaller than that at y ¼ 0, the difference of which becomes larger for larger angle of incidence. A possible explanation of this phenomenon is that the distance between the point at the vertical wall and the corresponding focused position is larger for larger value of angle of incidence. In contrast to crest, the maximum trough of surface elevation first increases and then reduces with the angle of incidence. The trough at y ¼ ±l P (l P is the peak wave length corresponding to the peak period) is deeper than that at y ¼ 0. Fig. 5 shows the first and second order terms of wave forces exerted on the vertical wall for different angles of incidence. The linear theory (the first order term) overestimates the crest and underestimates the trough of the time series of hydrodynamic forces on the vertical wall. The nonlinear maximum crest rises with the angle of incidence while the trough shows an opposite trend. This is due to the second order effects. For the purpose of illustration, the time series of wave forces (including the first order term and the second order sub-and super-harmonics) for angles of incidence being 0 and p/6 are given in Fig. 6 . The sub-harmonics is almost the same for two angles of incidence. However, the super-harmonics has a larger amplitude of trough at m ¼ 0 than at m ¼ p/6. Thus the nonlinear wave force at m ¼ 0 has a smaller crest and a larger trough than that at m ¼ p/6. Finally, it is interesting to note that for obliquely-incident focused wave groups, the maximum crest of wave force is less sensitive to the position at the vertical wall than the maximum trough.
The effects of wave steepness of incident focused wave groups
In this section, a detailed investigation is put on the effects of wave steepness on the largest crest and trough of wave groups, as well as wave forces. The parameters of focused wave groups with different wave steepness are given in Table  2 . Two angles of incidence are chosen: m ¼ 0 and m ¼ p/4. The position is at y ¼ 0 of the vertical wall. It can be seen from Fig. 7 that both the normalized largest crest and trough vary at a uniform rate with wave steepness, which is consistent with the second order assumption. By fitting the data using least square method, we get two equations, i.e. Eqs. (40) and (41). The rate of variation of the largest crest (0.92 for m ¼ 0) is larger than that of the largest trough (0.80 for m ¼ 0), which indicates that the crest is more sensitive to the nonlinear effects than the trough. By comparing Eqs. (40) and (41), we find that the increase of angles of incidence causes both the largest crest and trough to be less sensitive to the second order effects.
As can be seen form Fig. 8 , the normalized maximum crest or trough of wave force time series also varies at a uniform rate with wave steepness, but reduces as the wave steepness increases. The crest or trough is more influenced by the second order nonlinear effects at m ¼ 0 than at m ¼ p/4. Fitting expressions by the least square method are given in Eqs. (42) and (43).
4.3. The effects of focal positions on the evolution of focused wave groups interacting with a vertical wall
In this section, the effects of focal positions on the evolution of focused wave groups that interact with a vertical wall are investigated. Only normally-incident waves are considered. The parameters of focused wave groups are given in Table 3 . Fig. 9 shows the wave elevation (including nonlinear elevation and sub-and super-harmonics of the second order terms) at the vertical wall for different focal positions. It can be found that for the case x 0 /l P ¼ 0, i.e. wave groups focussing at the vertical wall, the main features of focused wave groups are maintained. The wave elevation reaches its maximum at the focal time t 0 ¼ 0 and presents symmetric shapes before and after t 0 ¼ 0. When the focal position of wave groups is set at any point in front of the wall, the wave elevation at the vertical wall is no longer symmetric around the maximum crest. The adjacent crest ahead of the maximum one may be larger or smaller than that after the maximum one, which depends on the focal positions. As indicated by Fig. 11 , Crest 0 and Crest ±i (i ¼ 1, 2,…) represent, respectively the largest crest and adjacent crests. A detailed investigation of variation of the maximum crest and its adjacent crests with respect to focal positions is shown in Fig. 10 . With the increase of the distance of focal positions from the vertical wall, the maximum crest, although fluctuating, gradually decreases. The normalized crest amplitude at the vertical wall is 1.22 for x 0 /l P ¼ 0. However, this value decreases to be 0.92 for x 0 /l P ¼ À6. It can also be found from Fig. 10 that the variation of focal positions has great effects on adjacent crests. With focal positions deviating from the vertical wall, the adjacent crest at the left side starts to decrease and the right one increases. Then at x 0 /l P ¼ À0.8, the first transformation of three largest crests occurs (see Fig. 11 ), i.e. the previous three crests including Crest 0 , Crest þ1 and Crest þ2 are, respectively, transformed into the current three wave crests e Crest À1 , Crest 0 and Crest þ1 . As a result, the adjacent crest at the left side of the maximum crest becomes larger than that at the right side. With the distance of focal positions from the vertical wall continuing to increase, the amplitude of Crest À1 decreases and Crest þ1 increases. Then two adjacent crests at the opposite sides of the maximum crest are almost equal to each other at x 0 /l P ¼ À1.6, followed by which Crest À1 continues to decrease and becomes smaller than Crest þ1 . At x 0 /l P ¼ À2.4, there is a new transformation, after which similar variation of Crest À1 and Crest þ1 occurs as before. Summarily, the transformation of the largest three crests (shown in Fig. 11 ) occurs at some specific positions in front of the vertical wall, which satisfies
And in one transformation circle, the amplitude of Crest À1 can be larger or smaller than that of Crest þ1 , depending on the following critical focused position,
If the distance of focal positions from the vertical wall is smaller than that of the critical point, Crest À1 is larger than Crest þ1 . Otherwise, the amplitude of the former is smaller than that of the latter. The difference of the amplitude between two adjacent crests at both sides of the maximum crest becomes smaller at the critical point as the focal position is far away from the vertical wall.
The effects of water depth
The effects of water depth on the interaction between focused wave groups and a vertical wall are studied in this section. Parameters of focused wave groups used here are given in Table 4 . Results of surface elevation and wave force time series are shown in Figs. 12 and 13, respectively. It should be noted that the second order theory cannot be applied to extremely shallow water depth as unphysical "bumps" will be formed in the wave trough due to the second order terms. So the smallest water depth considered here (no obvious bumps in the wave trough) is h ¼ 0.16l P .
It can be seen From Fig. 12 that the variation of surface profile with respect to water depth for m ¼ 0 is similar to that for m ¼ p/4. For deep water conditions (h/l P > 0.5), the surface elevation profile keeps almost unchanged for different water depth. When the normalized water depth is less than 0.5 (finite water depth), the amplitude of peak crest increases with the decrease of water depth. However, the adjacent crest decreases for shallower water depth. This indicates that shallow water effects will lead to more energy transferred from surrounding waves to the central wave. For wave trough, there is a slight increase for normalized water depth reducing from 1.0 to 0.3, followed by which an increase occurs for shallower water depth (from 0.3 to 0.16). An illustration of wave profiles for h ¼ 0.18l P (including both linear term and sub-and superharmonics of the second order term) is given in Fig. 14. As shown in Fig. 13 , with the decrease of water depth, the peak crest, adjacent crest and adjacent trough of wave force 4.5. The effects of frequency bandwidth on the evolution of focused wave groups interacting with the vertical wall
In this section, effects of frequency bandwidth (i.e. f u ef l ) on the interaction between focused wave groups and a vertical wall are investigated. The parameters for wave groups with different frequency bandwidth are shown in Table 5 . The peak frequency of JONSWAP spectrum is kept unchanged. The frequency interval, i.e. Df ¼ ( f u ef l )/N, is nearly identical for five cases. The focal position of wave groups is set at the vertical wall for all cases.
For focused wave groups interacting with a vertical wall, the peak crest of wave elevation varies little with the frequency bandwidth (Fig. 15) . However, both the adjacent crest and the trough reduce with the increase of frequency bandwidths. And the former decreases at a higher rate than the latter (the decreasing rate is almost uniform). Besides, it seems that the angle of incidence has no significant effects on the decreasing rate.
Similarly shown in Fig. 16 , the crest of wave force time series is not much influenced by the frequency bandwidth while the trough reduces at a nearly uniform rate with the increase of frequency bandwidth.
The effects of the peak lifting factor c
In this section, the effects of the peak lifting factor of JONSWAP spectrum on the interaction between focused wave groups and a vertical wall are investigated. Parameters for incident focused wave groups are shown in Table 6 . The spectral density for different peak lifting factors is shown in Fig. 17 . The peak value of spectral density is higher for larger values of peak lifting factors. It can be seen from Fig. 18 that the variation of peak lifting factors has little influences on the peak crest and adjacent trough of focused wave groups. However, with the increase of the peak lifting factor, the adjacent crest increases. This phenomenon may be better understood for limited conditions where c approaches to infinity. In such conditions, much of the spectral energy is concentrated on the peak frequency, which is similar to a regular (monochromatic) wave. As a result, the adjacent crest is larger for larger value of peak lifting factors. As shown in Fig. 19 , the peak crest of wave force time series is also insensitive to the peak lifting factor. For the trough, there is a slight increase with the increase of the peak lifting factor.
Conclusions
In the present work, the interaction of nonlinear focused wave groups with a vertical wall is investigated based on the second order potential theory. The NewWave theory, which Table 6 Parameters of focused wave groups of different peak lifting factor. + MODEL represents the most probable surface elevation under a large crest, is adopted. The analytical solutions to the surface elevation and velocity potential are derived for focused wave groups interacting with a vertical wall. Also wave forces exerted by focused wave groups on the vertical wall are obtained, up to second order. After that, a parametric study is made on the interaction between focused wave groups and a vertical wall by considering the effects of angles of incidence, wave steepness, focal positions, water depth, frequency bandwidth and peak lifting factors. Some conclusions are drawn as follows.
1. The peak crest (trough) of surface profiles first decreases (increases) and then increases (decreases) with the increase of angles of incidence. However, the crest (trough) of wave forces rises (reduces) with angles of incidence. 2. As opposed to wave elevation, the peak crest (trough) of wave force time series reduces (increases) with the increase of wave steepness. 3. Empirical expressions are given for variation of surface profiles and wave forces with respect to wave steepness. The peak crest are more sensitive to wave steepness than the adjacent trough. The effects of wave steepness are more significant for smaller angles of incidence. 4. With the increase of the distance of the focal position from the vertical wall, the largest crest of surface elevation, although fluctuates, decreases gradually. 5. For surface elevation, with the reduction of water depth, the peak crest increases while the adjacent crest decreases. The adjacent trough first slightly increases and then decreases for shallower water depth. For wave force profile, both the peak crest and adjacent trough becomes larger for shallower water depth. 6. For focused wave groups interacting with a vertical wall, the frequency bandwidth has little influences on the peak crest of surface elevation or wave forces. However, both the adjacent crest and trough become smaller for larger frequency bandwidth. 7. Both the peak crest and adjacent trough of surface elevation and wave forces are insensitive to the variation of the peak lifting factor. However, the adjacent crest will increase with the increase of the peak lifting factor.
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Appendix A.
Substituting Eqs. (32), (35)e(37) into Eq. (31), we get
The hydrostatic force, F ð0Þ , is calculated as
The first order term of the force, F ð1Þ , is obtained by
The second order term of the force, F ð2Þ , is calculated using the following expression,
It should be noted that the first component at the right hand side (RHS) of Eq. (A4) is a second order term. However, the second component at RHS of Eq. (A4) includes both second and higher order terms. As a result, the higher order terms should be removed after calculation of the integration for the second component. The final results of each term in the RHS of Eq. (A5) are given as follows. a) the first term:
b) the second term:
It should be noted that there are two limiting cases for the second term where the angle of incidence is 0 or p/2. For the case that the angle of incidence is 0,
2, …, N ). Similarly, for angle of incidence being p/2,
As a result, the ratio For the case in which isj and ji À j jsN, the value of the third term in the RHS of Eq. (A5) is given as
For the case where i ¼ j , the value of the third term in the RHS of Eq. (A5) is shown as
For the case where ji À j j ¼ N, the value of the third term in the RHS of Eq. (A5) is given as 
